In this paper we restrict our attention to an open subset M ′ of Riem(M ) = M, consisting solely of metrics with no global symmetry beyond the identity. Therein we have a natural principal fiber bundle (PFB) structure Diff(M ) ֒→ M π → M/D in which we input the connection form ω implicitly defined in [1].
Introduction
In the ADM formulation of General Relativity [2] space-time is assumed to be the topological product M × R and the dynamics are cast in a constrained Hamiltonian system with (unconstrained) configuration space Riem(M) = M, the space of all Riemannian metrics over M. Two isometric metrics over M are physically indistinguishable, hence we must quotient them out. The resulting space S = M/Diff(M) is called superspace 1 , and is the proper configuration space in which momentary spatial geometries evolve. Space-time is a curve in S and each point can be seen as an instantaneous spatial configuration.
Unfortunately, S is not actually a manifold, since geometries which posses symmetry beyond the identity don't have neighborhoods homeomorphic to neighborhoods of less symmetric geometries. The metrics that do allow isometries impede the quotient space M/D to have a manifold structure, since these symmetric geometries are singular points in superspace (they have " less" dimension than generic geometries) [3] .
For any M however, the set of metrics that do not admit isometries forms a generic, open 2 dense, subset of M [4] , the same being true of the subset of unsymmetrical geometries relative to S. To be explicit, any metric that lies in the same orbit (relative to the action of D := Diff(M) ) is of course unsymmetrical as well, and it is easy to construct paths between unsymmetrical geometries avoiding any symmetrical singularity by adding unsymmetrical bumps to the metric. Therefore the space of generic geometries forms a connected subset of S.
In this work, we will consider an open unsymmetric set in Riem(M) containing all of its orbits. That is, let V be an open generic set in Riem(M) and M × D → M the right action of D through pull-back, denoted by a dot, then we will consider an open set of the form M ′ = V · D. We will show that it is possible to construct a principal fiber bundle structure
Thence, we will try to prescribe a gauge connection over it, based on Barbour's et al construction of General Relativity via a "best-matching" procedure for an equilocality principle [1] , [10] .
PFB Structure for M ′
Let M be a smooth (C ∞ ) compact connected 3-dimensional manifold without boundary. We will call L 2 S (T M) the tensor bundle of continuous symmetric bilinear forms and L 2+ S (T M) the subspace consisting of the positive definite elements. L 2 S (T M) is a C ∞ tensor bundle over M, and since the subset L 2+ S (T M) is defined by an open condition it inherits the manifold structure.
The vector space Γ r (L 2+ S (T M)) of r-differentiable cross sections of L 2+ S (T M) is clearly infinite dimensional. But of course infinite dimensional calculus can be constructed over an infinite dimensional vector space in the same way ordinary calculus can be constructed over the usual linear space R n . In fact, a substantial portion of the definitions and theorems valid in ordinary calculus can be proven substituting R n by a complete locally convex topological vector space (CLCTV), such as Banach and Hilbert spaces [5] .
For each r, 0 < r < ∞, Γ r (L 2+ S (T M)) is a second countable Banach space in the topology of uniform convergence in r derivatives, or C r topology. We have that
is a Frechét space that is dense in each Γ r (L 2+ S (T M)) and is paracompact. We will call Γ ∞ (L 2+ S (T M)) := S 2 (M), and a few times we will also use Γ r (L 2+ S (T M)) = M r . For general Frechét spaces no existence theorems for ordinary differential equations exist, neither do Implicit function Theorems. However, S 2 (M) is in fact a separable ILB-space (or even a ILH space) [6] ), where we do have integral curves and the usual Implicit Function Theorems defined for certain types of mappings. Namely, for mappings that are ILH-normal (and obey the usual conditions for IFTs). Since each M r is a separable Hilbert space, it has partitions of unity, and so the existence and uniqueness of integral curves and of a connection (and hence of the exponential mapping) are therein guaranteed [6] . Now, M is not a linear space since for g, h ∈ M it can happen that g − h / ∈ M. But g + λh ∈ M, for any λ ∈ C ∞ (M) such that λ > 0, so it is a positive cone in S 2 (M). Hence it is a ILB-manifold 3 modeled on the ILB-space Γ ∞ (L 2+ S (T M)), and since M is open in S 2 (M), the tangent space of M at g is
i.e. its tangent bundle is trivial.
We will assume the following facts [4] :
• The set D := Diff(M) of smooth diffeomorphisms of M is a ILH Lie group, and it acts on Riem(M) on the right as a group of transformations by pulling back metrics:
an action which is ILH-smooth with respect to the ILH structures of M and D. It is clear that two metrics are isometric if and only if they lie in the same orbit.
• The derivative of the orbit map Ψ g : D → M at the identity
where X is the infinitesimal generator of a given curve of diffeomorphisms of M, forms a closed linear space with closed complement in S 2 (M) (it splits) .
Hence by definition Ψ
given by the range of T e Ψ h . The diffeomorphisms that fix g ∈ M, i.e. {f ∈ D | f * g = g}, form a closed subgroup of D, the isometry or symmetry group of g which we will call I g (M). As an isometry group of M, it is a compact Lie group whose Lie algebra I p (M) is composed of the vector fields whose flux are isometries, i.e. it is the Lie algebra of Killing fields (with the usual Lie bracket between sections of T M). Now, since the isometry groups are compact, I g (M) = Ker(T e Ψ g ) is a finite dimensional subspace of Γ(T M). By the closed graph theorem it has a closed complementary subspace such that Γ(T M) is toplinearly isomorphic to their product (it splits in Γ(T M)). Since Ψ g is a smooth embedding, T e Ψ g maps Γ(T M)/I g (M) injectively into a closed subspace of S 2 (M), which is a splitting subspace of S 2 (M). Fischer, in his Stratification Theorem [3] , has shown that this allows S to be partitioned into manifolds of geometries, such that the geometries with higher symmetry are completely contained in the boundary of geometries with lower symmetry. S is stratified, and the manifolds that consist the strata are indexed by the conjugacy classes in D of the isometry groups I g (M), as one would expect. In the present work however we will very few times mention the occurrences of these boundaries, remaining safe within one of the given strata.
We will now describe a part of the Ebin-Palais slice theorem [7] which is analogous to the usual slice theorem, and which allows us to construct and visualize a PFB structure in S ′ . Now, clearly the map Ψ :
It can be shown that the action is also proper [9] .
Theorem 1 (Slice) If M ′ is a smooth manifold and D acts smoothly, freely and properly on M ′ on the right, than through any point g ∈ M ′ there exists a submanifold 4 Σ such that Σ is transversal to the orbits and intersects each one of them at a single point. Such a submanifold is called a section through g.
Proof (sketch):
Given g ∈ M, it induces a pointwise metric in all tensor bundles over M, which for S 2 (M) we will call ·, · g . Being explicit, for elements of S 2 (M) of the form w 1 ⊗ λ 1 , w 2 ⊗ λ 2 , denoting by ♯ : Γ(T M) → Γ(T M * ) the isomorphism induced by the metric, we have:
In coordinates this would be G ijkl = 1 2 (g ij g kl + g il g jk ). Hence we define the weak
where dµ g is the volume element associated to g (it is an n-form
Now, as we mentioned, T e Ψ g maps Γ(T M)/I g (M) injectively into a closed subspace of S 2 (M) (in our case I g (M) = Id(M)) which splits. Denoting the orbit Ψ g (D) by O g , we shall now consider the normal bundle νO g , whose smoothness we will have to assume, since we only possess a weak Riemannian metric the usual construction does not work. We note however, that Since manifolds modeled on separable Hilbert spaces (separable Hilbert manifolds) have partitions of unity, we can smoothly glue together the various charts, respecting the orthogonal decomposition, and hence directly obtaining the normal bundle. We will not prove that this holds true in the inverse limit.
Thus, Im(T e Ψ g ) = T g O g = {L X g | X ∈ Γ(T M)} has a closed G-orthogonal complement in S 2 (M). Denoting by ∇ the Levi-Civita connection on T M, we take the formula
which is easily derivable from the product rule for derivatives and the zero torsion condition of ∇, and input it in our weak metric, coming up with the following condition for orthogonality:
(3) which in abstract tensor notation becomes ∇ a v ab = 0, the divergence-free two covariant tensor fields in M. So we have the direct sum decomposition T g M = T g O g ⊕ H g , which, by the equivariance of the metric and equivariance of O g (or by directly applying f * )is easily seen to be equivariant. Now, we will denote the exponential map of the D-invariant L 2 Riemannian metric on M by Exp, it is a C ∞,∞ ILH-normal mapping [6] . It trivially induces an exponential map on the normal bundle, which we will denote by Exp as well, and we define Σ g by exponentiating H 0 g , a (sufficiently small) open neighborhood of the origin in H g . But is the exponential of H 0 g really a submanifold? We have to check it is an immersion (in the infinite dimensional sense).
The tangent space at a null normal vector can be given the direct sum decomposition 5
Over a fixed fiber of T M, i.e. for v ∈ T g M , Exp(g, v) = Exp g (v) and we have, taking (w, u) = ξ ∈ T g M:
So utilizing the identification (4), we have shown that
which by the Inverse Function Theorem 6 makes the normal exponential a diffeomorphism which respects the normal decomposition. So T (g,0) Exp |Hg splits and Σ g is indeed a submanifold, which by construction is transversal to the orbits at g ∈ M. By openness of the trasversality condition, it is transversal over an open neighborhood of g in Σ g , which we may replace for Σ g itself. The other condition, that Σ g only intersect orbits at a single point, is much more delicate, and we won't go into the more complicated details.
We have in M a D-invariant metric, therefore, D takes geodesics to geodesics. But in our case, if f = e then f * g = g and for u ∈ H 0 g , f * Exp(g, tu) is a geodesic that passes through f * g with tangent
the same as Exp(f * g, tf * (u)), thence, by uniqueness
Moreover, as we mentioned, since G is D equivariant, the action of D preserves the orthogonality of the normal subspace and the length of u ∈ H g . Hence
So by (7) and (6) we have the equivariance f * Σ g = Σ f * g . But this does not yet mean that f * Σ g ∩ Σ g = ∅ for f = Id, which is what we wish to show. Using the fact that the normal exponential is a local diffeomorphism between a neighborhood of the null section in νO g and an open set in M containing O g , and the properness of the action of D, remembering that proper maps between metrizable spaces are closed, it is possible to show that the normal exponential is a global diffeomorphism between a neighborhood of the null section W ⊂ νO g and an open set in M containing O g . Therefore, the correspondent family of submanifolds
And so by the equivariance above f * Σ g ∩ Σ g = ∅ for f = Id which proves the second part. We will call M ′ /D := S ′ (local) superspace and the (continuous open) projection by
Now, since Exp : W → M is a diffeomorphism onto an open subset of M, we have that for
And since Exp(g, u) ∈ Σ g , the section we have constructed guarantees that for every [g] ∈ S ′ there exists an open set [U] ⊂ S ′ such that we have a diffeomorphism
So now S ′ has a proper (ILH) smooth manifold structure induced by the sections, that is, by defining the bijection π |Σg to be a diffeomorphism. This is well defined, since general sections over the same open (in the quotient topology) set θ ⊂ M ′ /D, are diffeomorphic amongst themselves just by being smooth submanifolds with single intersections with the orbits and to them transversal. One can easily see this by using these three properties and the description of this more general section through the diffeomorphism ϕ induced by the section Σ p [8] . Then π |Σ is a diffeomorphism for any section Σ, and we may associate to Σ a diffeomorphism playing the correspondent role as ϕ above.
Now, we may rename as a 'section' the map s : [U] → M ′ , that has as its range the submanifold we previously called 'section'. I.e. given the associated diffeomorphism ϕ, it would be defined as
Even if we were not considering M ′ , but M in its totality, Fischer [9] devised an ingenious scheme to unfold these singularities through the use of additional structure over M. He considered the action of D on the product space M × F (M), where F (M) is the frame bundle of M, over which there also exists a natural right action of D:
The point revolves around the fact that the combined action:
is free. That is, if f is an isometry that fixes a frame, it is the identity. To see this , consider two isometries f,
where exp is the exponential map of (M, g). Now,
So A is open as well, hence, since we are assuming M connected, f = h. Putting h = Id, we have that f = Id as well. Fischer is the able to show that S F M := (M × F (M))/D is a smooth manifold and indeed the base space for the D PFB π 1 : M × F (M) → S F M . Furthermore, we have a covering:
and in fact the (non-isomorphic) fibers π −1 2 ([g]) index the isometry group of the metric g.
Connections in S
How can we interpret a section in π : M ′ → S ′ ? It should be seen as an identification of points over a smooth substratum, diffeomorphic to M, where there exists no a priori notion of location. With respect to this identification, a metric is described (this is simply any point over the image of the section in M ′ ). We consider the action of the group of diffeomorphisms as giving another identification of points over M (not coordinates).
To better appreciate this instance of active diffeomorphisms, we may forego of the particular manifold M and consider the points of O g as being truly different manifolds endowed with compatible metrics. Trivially, that is the space
Since we are in a sense disconnecting the elements of an orbit, it makes sense to disconnect elements that do not sit in the same orbit, that is to consider as elements of M an identification of points over the substratum 7 and a metric therein. This is done as a heuristic instrument, to visualize a section in π : M ′ → S ′ as a smooth selection of manifolds endowed with metrics. Smooth selection of manifolds only makes sense in respect to the metrics themselves. A one parameter family of manifolds can only be deemed C s+1 if it comes along with a one parameter family of metrics, i.e. {M t , g t }, and there exists a one parameter family of diffeomorphisms f t connecting them such that d s dt s f * t (g t ) is continuous. If we wish to define a section in the same manner, we have to demand as well that any two smooth one-parameter families have infinitesimally commuting flows, i.e. define an involutive distribution in M. In this manner, any smooth curve of metrics in M, and any smooth section in π : M ′ → S ′ , define "equilocality" relations. Now, given two identification of points over the substratum and metrics over them, we can canonically quantify any change in the identification if we are sitting over O g , since there exists a single diffeomorphism taking each element of an orbit to each other element. The same happens with a frame bundle over T M: while over a single fiber,there exists a unique canonical element of GL(F ), where F ≃ T x M, that connects two given frames.
But when you move from fiber to fiber, you don't have a canonical backdrop against which you can measure " intrinsic changes of frame", since there is no canonical identification between neighboring fibers. Of course a connection provides such an identification along paths. The exact same thing goes on here: when we move from fiber to fiber along a smooth path, we have no canonical way of quantifying "how much " of the metric is changing due to the changing identification of points on the substratum, and how much is "intrinsically" changing. A connection form over a bundle of bases, ω allows us to determine how much of a given infinitesimal change of bases (an infinitesimal dislocation in P ) was due to a change of basis. Changing the word " basis" to "identification of points over M" accomplishes this analogy.
This distinction can be seen as a consequence (or cause) of the fact that there is a canonical projection π : M ′ → S ′ and therefore a canonical vertical subspace at any g ∈ M ′ given by V g := Ker(dπ g ). However there is no canonical complement to the subbundle V ⊂ S 2 (M). So if our connection is going to measure the infinitesimal intrinsic change of identifications, i.e. if it is going to be the flux of a curve of diffeomorphisms, it has to be a D-valued one form ω : S 2 (M) → Γ(T M).
A connection form is basically a projection on the vertical subspaces and hence equivalent to a choice of horizontal distribution, i.e H g = Ker(ω g ), or, given the decomposition T M = V ⊕ H and denoting the respective linear projections byV,Ĥ, we have
where J g is the isomorphism
which is well defined since we know V g = T g (O g ) = {L X g | X ∈ Γ(T M)}.
Both the horizontal and the vertical distributions should be invariant by the group action. This means they respect the canonical identification between elements of the bundle T M |Og (or S 2 (M) |Og ) by the group action (i.e. by f * ∈ D) [8] . So ω must obey some condition that translates this. This is easily derived:
4 Gauge Theory in S ′
